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\\‘c begin by studying the structure of finite-dimensional rings, i.e., 
rings in which each direct sum of nonzero left ideals has only a finite number 
of terms. If R is such a ring and Z(R) d enotes the left singular ideal of R, 
then our main Theorem 1.3 of Section 1 asserts that each ascending chain 
and each descending chain of left annihilators in R/Z(R) has less than 
dim K 2 1 strict inclusions. While it is not the case that in a finite-dimensional 
ring R each nil subring is nilpotent (Example 2) it does follow as a corollary 
that each nil subring of R/Z(R) is nilpotent and, in fact, the indices of 
nilpotcncy of the nil subrings of R/Z(R) are bounded by dim R + 1. 
Example 1 shows that in a finite-dimensional ring it is not true-as one 
might hope-that Z(R) is nil. 
Uy replacing the finite dimensionality of R with the condition that each 
ascending chain of left annihilators in R has less than n strict inclusions8, we 
obtain the same result, i.e., each ascending chain and each descending chain 
of left annihilators in R/Z(R) has less than n strict inclusions and the indices 
of nilpotency of the nil subrings of R/Z(R) are bounded by n. On the lesser 
assumption that R satisfies the ascending chain condition on both left and 
right annihilators, we prove that R/Z(R) satisfies the ascending chain condi- 
tion on both left and right annihilators and hence that each nil subrirrg of 
R/Z(R) is nilpotent. 
In Section 3 we show that if R is a left Goldie ring, then in the full matrix 
ring R,,, each nil subring is nilpotent and again the indices of nilpotency of 
the nil subrings of R,,, are bounded. 
* Portions of this paper were presented at the George H. Hudson Symposium at the 
State University College at Plattsburgh, New York in April, 1970. 
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1. FIKITE-DIMENSIONAL RINGS 
Throughout this paper, R will denote a ring which does not necessarily 
have an identity. The term “ideal” will refer to a two-sided idcal unless 
it is adorned with the adjective “left” or “right. ” For x in R we will let R’s =-- 
Rx I Zx denote the principal left ideal which is generated by x. 
A left (right) ideal I of R is a left (fight) annihilatov if there exists a subset 
S of R such that 1 1(S) = {,x E R : .2-S’ 01 (I i(S) = (X E R : SX = 0)). 
It should be noted that the ascending chain condition on left (right) anni- 
hilators of R is equivalent to the descending chain condition on right (left) 
annihilators of R. Also, the ascending chain condition on left (right) anni- 
hilators of R is inherited by each subring of R. If K andI, are left ideals of R, 
then (K : L) denotes {x E R : .xL C Kj. 
A left ideal E of R is called essential if E has nonzero intersection with each 
nonzero left ideal of R. The left singular ideal of R, denoted Z(R), is {,x t R: 
1(x) is essential}. The right singular ideal is defined analogously. 
A ring R is said to have finite left dimension n if R contains a direct sum of n 
nonzero left ideals and each direct sum of nonzero left ideals of R has at most 
n terms. If R satisfies the ascending chain condition on left annihilators and 
has finite left dimension, then R is called a left Goldie ring. 
A nilpotent subring ,V of R is said to have index of nilpotency k if k is the 
least positive integer such that 1%” 0. WC note that if IV is a nilpotent 
subring of R and if I(V) C I(lV2) C l(N”) C ... I ras less than k strict inclusions, 
then the index of nilpotency of N is equal to or less than h. 
For rcfcrence we state the following famous theorem of Herstcin-Small 
[3, p. 7731 and Levitzki [5, p. 2151. For a short proof see Fisher [I]. 
THEOREM 1.1. lf R satis$es the ascending chain condition on both left and 
right annihilators, then each nil subring of R is nilpotent. 
As an easy consequence we have the following theorem. 
THEOREM 1.2. If each ascending chain of left annihilators in R has less 
than n strict inclusions, then each nil subring of R is nilpotent and the indices of 
nilpotency of the nil subrings of R are bounded by n. 
Proof. Each descending chain of left annihilators in R has less than n 
strict inclusions; for otherwise, we could read up the chain and contradict 
the hypothesis. Hence R satisfies the decending chain condition on left 
annihilators, equivalently-, the ascending chain condition on right annihilators. 
Therefore, Theorem 1.1 yields that each nil subring of R is nilpotent. 
Moreover, the indices of nilpotency of the nil subrings are bounded by n. 
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We prove the main theorem in this paragraph which was announced in 
Fisher [2]. 
THEOREM 1.3. If R has left dimension n, then each ascending chain and 
each descending chain of left annihilators in R/Z(R) has less than n + 1 strict 
inclusions. 
Proof. Let 2 = Z(R). Suppose, to the contrary, that there exists a strictly 
ascending or strictly descending chain of left annihilators in R/Z which has 
PZ = n + 1 inclusions. Then we obtain a chain in the following form: 
(Z : S,) 3 (Z : S,) 3 ... 3 (Z : S,,,) 3 (Z : Sm-i). The Si can be taken so that 
s, c s, c ‘. c s,, c sl?n+l . There exists xi E (Z : S,) - (Z : Si+,) for 
1 c< i 2; m and si.+i E S,,.i such that qsi+i $ Z for 1 ,< i 5; m. 
We claim that there exist nonzero left ideals Kl , K2 ,..., k;,, of R such that 
(a) Ki n Z(q) = 0 for 1 :< i < m; (b) Kpyi n Z(S,~_~) = 0 for 1 -z i C< m -- 1 ; 
and (c) k;.r, + [K,.Y, n Z(s,)] + ... -t [k;,,s,,, n I(sq) n ... n l(q?)] is a direct 
sum of nonzero left ideals of R. 
We proceed by induction on m. The initial step in the induction is evident. 
We apply the induction hypothesis to obtain nonzero left ideals K, , K3 ,..., K,,, 
of R such that (a) Ki n Z(xJ == 0 for 2 < i c< m; (b) K,xi n Z(s, lm1) = 0 for 
2 : i ; in - 1; and (c) K,x, + [Kzx3 n Z(sg)] + . + [K,,,s, n Z(sJ n n I(!:,,,)] 
is a direct sum of nonzero left ideals of R. 
We have X+Q t Z for 2 :s i < m. If xi E l(s,) then 
k-,.x? n Z(S,) n Z(s.J n ... n Z(Q) = k’,xi n Z(S,) n ... n Z(SJ. 
If X~ C$ Z(s,), then the existence of 0 f Y+V; E [K,x, n Z(s3) n ... n Z(Q)] with 
ri E Kj and x,sp E Z implies that R*ri n Z(.Z~S~) + 0. Then K, n Z(q) :: 0 
implies that R1r,,xi n Z(Q) f 0. Consequently, 
0 I~ [Kpyi n Z(SJ n Z(s3) n ... n Z(S?)] C [K,xi n Z(S,) n ... n Z(sJ]. 
Therefore, Cl”, [K,xL n Z(s,) n ... n Z(sJ] is a direct sum of nonzcro left 
ideals of R. 
Now xlsg 6 Z implies that there exists a nonzero left ideal Kl of R such that 
K, n Z(x,s,) 7: 0. From this it follows that Kl n Z(X~) = 0 and hence k;x, yf 0. 
Moreover k’,x, n Z(s,) = 0. Whence k;x, + CE, [K,xi n Z(sJ n ... n I(+)] 
is a direct sum of nonzero left ideals of R. This proof of the claim completes 
the proof of the theorem since it contradicts the dimension of R being n. 
The following well-known result of R. E. Johnson follows immediately: 
COROLLARY 1.4. If R has kft dimension n and Z(R) = 0, then each 
ascending chain and each descending chain of left annihilators in R has less than 
n + 1 strict inclusions. 
As a corollary of Theorem 1.3, we obtain with much shorter proof the 
following result which Shock [8] 1 x-oved for rings with identities. 
~~OROLLARY 1.5. Jf' R has left dimnsion n, then each nil subring of R/Z(R) 
is nilpotent and the indices of nilpotency ?f the nil subrirgs of R/Z(R) are bounded 
by II f 1. d%reover, if Z(R) W nilpotent zcith index ?f nilpotency k, then each 
nil subring of R is nilpotetlt and the indices of nilpotency of the nil subrings of R 
are bounded by k(n -1. 1). 
Proof. The first conclusion follows immediately from Theorems 1.2 and 
1.3. The second conclusion follows from the first. 
I,Emm 1.6. Jf R is left Autinian OY satisfies the ascending chain conditiovl 
on left annihilators, then Z(R) is nilpotent. 
Proof. It is well-known that in a left Artinian ring each nonnilpotcnt ideal 
contains a nonzero idcmpotent. Since Z(R) cannot contain a nonzcro idem- 
potent, it must bc nilpotent. For the cast when R satisfies the ascending 
chain condition on left annihilators, a minor modification in the proof 
[6, p. 8] Lvill produce the result for rings without identities. 
COROLLAKY 1.7. Jf R is left ,-lvtivaiatr or lrft Coldie, then each nil subrivlg 
of R is nilpotent and the indices of nilpotency qf the nil subrings of R aye bounded. 
FVnoj. The result follows from Lemma I .6 and Corollary I .5. 
Remark. Lanski [4] first proved that if R is a left Goldie ring, then each 
nil subring of R is nilpotent. It is interesting to note that Theorem 1.3 and 
Lemma 1.6 reduce the proof of Ianski’s theorem to an application of 
Theorem 1.1. 
Example 3 provides an cxamplc of a ring in which each nil subring is 
nilpotent yet the indices of nilpotency of the nil subrings are not bounded. 
Corollary 1.7 is significant because it shows that in the classes of left Artinian 
and left Goldie rings there is a bound on the indices of nilpotency of the nil 
subrings. The index of nilpotency of Z(R) plays a role in determining this 
bound, but more important is the fact that the lengths of strictly ascending 
chains of left annihilators in R/Z(R) arc bounded. In this paragraph we 
include several more results with this flavor. 
It is well-known that in a left Artinian ring, Z(R) is the right annihilator 
of the left socle. The following proposition shows that in a ring with the 
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descending chain condition on left annihilators, Z(K) is still the right anni- 
hilator of an essential left ideal. 
PROPOSITION 2.1. Jf R satis$es the nscemhg chain condition ou vkht 
annihilators, then /(Z(R)) l 1) an essential left ideal and Z(R) = $Z(Z(R))). 
Proof. Let Z == Z(R) and let z1 t Z. If /(xi) f Z(Z), then thcrc exists 
2.’ t z such that Z(zr) 3 Z({zi , zJ). If Z({zi , zJ) y/m Z(z), then there exists 
z3 E Z such that Z(zi) 3 Z({zi , zp}) 3 Z((zr , za , za}) and so on. Since R satisfies 
the descending chain condition on left annihilators, this chain terminates at, 
say Z({s i , z? ,..., z,}). Then Z(Z) - Z({z, , zz ,..., z,,)) = n:“_, Z(z,). Because 
a finite intersection of essential left ideals is essential, n-e have that Z(iY) is 
essential. From this it follows that i(Z(Z)) C %. Hence % -: r(Z(%)). 
THEOREM 2.2. (f R satisrfies the ascending chain condition OIZ riglzt anni- 
hilafovs, then RjZ(R) safisjics the ascending chain condition on @ht annihila/ors. 
Proof. Since Z(R) is a right annihilator, the inverse image in R of each 
right annihilator in R/Z(R) is a right annihilator in R. Hence the ascending 
chain condition on right annihilators in R/Z(R) follows from the ascending 
chain condition on right annihilators in R. 
As a corollary we have the following result of Small [9]: 
COROLLARY 2.3. Let R he a commutative rirg with prime radical 2\‘(R) 
@ g R : y?l(s) z: 0). If R satis$es the ascend&g chain condition on annihilators, 
then R ‘L?‘(R) satis$es the ascendiry rhain condition OH annihilators. 
Proof. It is apparent that in a commutative ring if Z(R) is nil, then 
Z(R) = X(R). 
THEOREM 2.4. If each ascendinCF chain of left annihilators in R has less 
than n strict inclusions, then each ascend&y chain and each descending chain of 
Ieft an?ChiIatovs in R/Z(R) has less than n strict inclusions. 
Proqf. As before, each descending chain of left annihilators in R has less 
than n strict inclusions. Hence, Z(R) is a right annihilator by Proposition 2.2. 
M.hence the conditions that each descending and each ascending chain of 
right annihilators in R have less than 7z strict inclusions are transferred to 
R/Z(R). It is now clear that R/Z(R) has the equivalent conditions on the left. 
Remal-k. Theorem 2.4 remains valid if Z(R) is replaced by any ideal of R 
vvhich is a right or left annihilator. Also the same technique of proof can be 
used to prove that if R satisfies the ascending chain condition on both left 
and right annihilators, then R/Z(R) satisfies the ascending chain condition 
on both left and right annihilators. 
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COROLLARY 2.5. If each ascending chain of left annihilators in R has less 
than n strict inclusions, then each nil suhring of R/Z(R) is nilpotent and the 
indices of nilpotency of the nil subving are bounded by n. 
Proof. The result follows immediately from Theorem 1.2 and Theo- 
rem 2.4. 
Remark Corollary 2.5 remains valid if Z(R) is replaced by any ideal of R 
which is a right or left annihilator. From the preceding remark and Theo- 
rem 1.1 it follows that if R satisfies the ascending chain condition on both 
left and right annihilators, then each nil subring of R/Z(R) is nilpotent. 
PROPOSITION 2.6. If R is a semiprime Cng with the ascending chain condition 
on left annihilators, then both the left and right singular ideals are zero. 
Proof. Lemma 1.6 shows that the left singular ideal is nilpotent and 
hence zero. If 2 denotes the right singular ideal of R, then Proposition 2.1 
shows that i(Z) is an essential right ideal of R. If Z -+ 0, then Z n i(Z) is 
a nonzero nilpotent ideal of R which contradicts R semiprime. Therefore 
z = 0. 
Remark. By making use of different techniques, it can be shown that 
Proposition 2.6 remains valid if the ascending chain condition on left anni- 
hilators is replaced by the weaker ascending chain condition on principal 
left annihilators. 
3. NIL SUBRINGS OF ENDORIORPHISM KINGS 
Let R,,, denote the full ring of nz r; m matrices over R. Suppose that R is 
left Goldie. Then it is not known in general whether or not R,,, is left Goldie. 
Even so, we proceed to show that each nil subring of R,rl is nilpotent and that 
the indices of nilpotency of the nil subrings of R,E are bounded. 
LEMMA 3.1. If R has left dimension n, then R,, has left dimension equal to 
OY less than m’n. 
Proof. Let Rij = {[a,,] E R, : a,,* ~ 0 for p f i and y # j). TVe have 
that R,, == xi,, 0 Rzj and for each i and .i, R7j is isomorphic to R as left 
R-modules. Thus R, is a finite-dimensional left R-module with dimension 
equal to 112%. So R,, is a finite-dimensional left R,-module with dimension 
equal to or less than m%. 
THEOREM 3.2. If R has left dimension n and Z(R) is nilpotent with index 
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of nilpotency k, then each nil subving of R,, is nilpotent and the indices of nil- 
potenry of the nil subvings are bounded by k(m’n $ I). 
Proof. It is straightforward to show that Z(R,,) = Z(R),,, . Hence Z(,R,,,) 
is nilpotent with index of nilpotency k. It follows from Lemma 3.1 that the 
left dimension of R,,, is equal to or less than m%. Therefore, by Corollary 1.5 
it follows that each nil subring of R,,, is nilpotent and the indices of nilpotency 
of the nil subrings are bounded by k(m% + 1). 
COROLLARY 3.3. Jf R is a left Goldie ring, then each nil sub&g of R,, is 
nilpotent and the indices of nilpotency of the nil subrings of R,,, are bounded. 
Proof. Evident. 
COROLLARY 3.4. If R is a left Goldie ring with an identity and ;f /VI is 
a .finitely generated projective unitary R-module, then each nil subring of the 
endomorphism ring End,(M) is nilpotent and the indices of nilpotency qf the 
nil subrings of End,(M) aye bounded. 
Proof. Suppose that M has m generators. Then it is well-known that 
End,(M) is isomorphic to a subring of R,, . The result now follows from 
Corollary 3.3. 
4. EXAMPLES 
We begin with an example of a finite-dimensional ring in which Z(R) is 
not nil. 
EXAMPLE I (Osofsky [7]). Let Zcl,) denote the p-adic integers for some 
prime p. Define a ring R by (R, +) = Zcv) @ Z,, , and for (A, x), (p, y) EC R, 
(A, x)(p, y) = (Ap, Ay + px). This multiplication is associative and distributes 
over addition. The additive subgroups of Z,, and the ideals generated by 
(p”, 0) for i = I, 2, 3,... are the only proper ideals of R. Hence R has dimen- 
sion I. It is easily verified that Z(R) = R(p, 0) which is not nil. 
The following is an example of a l-dimensional commutative ring which 
is nil yet not nilpotent. 
EXAMPLE 2. Let R be the ring which is generated over the integers by 
the commuting indeterminates xi , xp , X~ ,..., X, ,... subject to the conditions 
that for each n, xi:-” = 0. It is easily verified that R is l-dimensional and 
obviously R is nil but not nilpotent. Notice also that R = Z(R). 
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By denying the commutivity of the ring in Example 2, surprisingly, we 
obtain an infinite dimensional ring in which each nil subring is nilpotent; 
however, the indices of nilpotency of the nil subrings arc not bounded. 
ESAMPIX 3. Let R be the ring which is generated over the integers by 
the noncommuting indeterminatcs sr , s1 , s:r ,..., .x,, ,... subject to the 
conditions that for each ~2, .x:” = 0. It is easy to show that R satisfies the 
ascending chain condition on both left and right annihilators. Hence each 
nil subring of R is nilpotent. Each .Y,, generates a nil subring of R. Obviously 
the indices of nilpotency of these nil subrings are not bounded. It follows 
from Corollary 1.7 that R is not left finite dimensional. 
I would like to express my gratitude to my colleague Professor E. P. Armendariz 
for many stimulating discussions and to Professor Lance W. Small for conversations 
which led to the applications in Section 3. 
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